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Sum & Difference Identities




TRIGONOMETRY LESSON B2
PARY I [EXPANDING SUM £ DIFFERENCE

Sum & Dlﬂ"erem Idenflfles. lee followmg fornzulas are used fo expand frlgoqonzefrlc
& functions that have addition & subtraction in brackefs.

sin(A + B) # sinA + sinB, so we must use these rules whenever we want to expand.
sin(A + B) = sinAcosB + cosAsinB
sin(A - B) = sinAcosB - cosAsinB
cos(A + B) = cosAcosB - sinAsinB
coS(A - B) = cosAcosB + sinAsinB

Example 1: Expand sin(60° -45°)

sin(60° —45")
=5in60° cos45° —cos60° sin 45°

{2 HGe)

Example 2: Expand cos(” ”)

4 6
T T
Cos| —+—
(4 6)

T T . T . T
= C0S—C0S——Ssin—sin—
4 6

(2526
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TRIGONOMETRY LESSON B2
PARY I [EXPANDING SUM £ DIFFERENCE

EE Fii Ild ﬂze exacf value by expatzdllzg eacll of ﬂze followmg

g 1) sin(45° + 60°)

3 2) cos@5°- 309

3 3) sin(60° - 1359

:E 4) cos(150° + 45°)

5) sin (%—%j

6) S|n(7Z ”J

4 6

7) cos( 3:)

8) cos (Z - zj

2 3
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PARY I [EXPANDING SUM £ DIFFERENCE

' sin(45° + 60°)
=sin45°c0s60°+c0s45°sin60°

(HEED

c0s(150° + 45°)

' =c05150°c0s45° - sin150°sin45°

)= G

= COSOCOSS—”-FSin Osin3—”
4 4

ol £jof

. Cos(45° - 30°)

=c0s45°c0s30°+sin45°sin30°

{292

e 2

4 4

J6++2

g

T

. T
5. sin(= - E)

2

. T T
=sin—Cos—
2

oftof

=

T . T
- COs—sin—
2

Y/
cos(=+=
& 3)

T w . T . T
=C0S—C0S——Ssin—sin—
2 3 2 3

:(O)(l \/§j

sin(60° - 135°)

=5in60°c0s135° - cos60°sin135°

86

. T VA
sin(— + —
VY

. T T n . 7T
=sin—cos— + COS—sin—
4 6 4 6

(B8
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TRIGONOMETRY LESSON 12
PART I CONDENSING SUM £ DIFFERENCE

leelz all expallded form, we can worlg baclgwards fo f nd a smgle frlgononzefrlc express:orl
that can be easily solved using the unit circle.

Example 1: Express sin85°c0s5° +c0s85°sin5° as a single trigonometric
expression and solve.

We know sin(A +B) = SinAcosB + cosAsinB

Looking at the question and matching to the sum formula, we can see that:
A=85°and B =5°
Now plug A & B into the left side of the formula:

Sin(A + B)
= sSin(85° + 5°)

Example 2: Express ! as a single trigonometric
sin(”)cos(”j cos(”jsin(ﬁj

expression and solve.

We know: sin(A -B)=sinAcosB - cosAsinB

We have from the denominator of the question: sin (%j Cos (%) - COs (%) sin (%j

Comparing the two, A = % &B= %
Plug A & B into sin(A - B)

g T T
=sin(= - =
(3 6)

2r =«
=sin(— - =) ' Subtract radians by

6 6 finding a common denominator.
_ sin( T ) (Or think in terms of degrees.) f}
6 & \/(\dyj "‘\,‘[Lf\m\x S o n e ciind Ue

We now know the denominator is sin(%).

Thus, we have L :csc(%)
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TRIGONOMETRY LESSON 12
PART Il  CONDENSING SUM £ DIFFERENCE

EE For eacll of fhe fbllownzg express asa sulgle frlgononzefrlc express:olz alzd solve usmg ﬂze
£ unit circle.

% 1) cos60° cos15 +sin60°sin15° 2) cosZ%—sinZ%

3

§ ) sm(;)cos(gjicos@sm(ﬂj 4y sin 37 Jeo{ 5 Jros{ 37 Jon[ 5 :
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PART Il  CONDENSING SUM £ DIFFERENCE

3 5) 1 6) sm( )cos( j sm( jcos(”)
-: cos(—15") cos(30°) +sin(—15")sin(30%) 6 6 3

4

" mamamercBIILRC R CRY
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TRIGONOMETRY LESSON 12
PART I CONDENSING SUM £ DIFFERENCE

€0s60° cos15’ +sin 60° sin15°
A=60" & B=15

cos(60° —157)

cos(45°)

T T
=cse(=—-=)
2 3
3r 27 ) )
= CSC(— e —) Getting A Common Denominator

T
= csc(g)

=2

cos(—15") cos(30°) +sin(—15")sin(30")
A=-15 & B=30
1
cos(-15°-30°)
_ 1
"~ cos(-45')

Wy

N wly

1_ —— 8.
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TRIGONOMETRY LESSON 12
PARY 1T NON UNIT CIRCLE ANCLES

lee sunz & dij ﬂ'eretlce fornzulas are useful in defernzllyng ﬂze exacf Values of sme & cosme
R for angles gof on the unit circle.

Example 1: Find the exact value of sin15°

First, think of how you can get 15° by using angles on the unit circle:
15° = 60° - 45°

15° = 45° - 30°

15°=135°-120°

15° = -30° + 45°

As you can see, there are many possibilities, you can choose any of them and
still get the right answer.

We'll use the top one, 15° = 60° - 45°

sin15°
=sin(60° —45")
=5sin60° cos 45" —cos60° sin 45°

2Bl

4

Example 2: Find the exact value of sec[—i—gj

S5z 180° .
It's easiest to think in terms of degrees, so convert: 2 =—75" (-75° = -45° - 30°)

T
sec(-75)
=sec(-45° - 30°)

1
:m Now rationalize the denominator of your answer.

_ ! 4
cos(-45 )cos(130 )+sin(-45°)sin(30°) \/6 -
- QJ(ﬁH—ﬁjm 4 NB+\2
2 V62 6442
46 ++/2)
6-2
46 ++/2)
4

2

2

2
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TRIGONOMETRY LESSON 12
PARY 1T NON UNIT CIRCLE ANCLES

Fii Ild ﬂze exacf Value of each of flle followmg

R Note that there are multiple ways of getting to the correct answer. Rationalize the denominator when necessary.

2) sec(105°) 3) csc(-105%)

5) csc(165°)
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TRIGONOMETRY LESSON

P.ll"' Ill

cos(30° —45°)

=c0s30° cos45° +sin30° sin45°

(22603

=sin(-75)
=sin(-45°-30%)

5.

=sin(—45") cos30° — cos(—45°) sin 30°

S

_-(/6++2)
4

Idﬂ llﬂ"' Clkt'll lﬂﬂllf

sec(60° +45%)
C 1
" cos(60° +45°)
_ 1
" c0s60° cos45° —sin 60° sin 45°
1

‘(;Jl(ﬂ{ﬂ(ﬂ

csc(1657)
1
" sin(165°)
B 1
" sin(L20° +45°)
1

- sin(120°) cos45° +cos(120°) sin 45°

ETEO

3' csc(—60° —457)
B 1
" sin(—60° —45°)
1

B sin(—60") cos 45° —cos(—607)sin 45°

(&350

62
4 - 6+/2
C6-V2 642
_4—6+2)

6-2
_4(/6+2)

4
=—6+2

12
=sec(195°)
=sec(150° +45°)

1
- €os(150° +45°)
1

- €0s150° cos45° —sin150° sin 45°
1

[&606

6 . sec{liﬂ)

4
T (6+2)
4 -2
T Woiv2) 62
_ 462

4

=-(6-2)
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TRIGONOMETRY LESSON 12
PART IV SUM £ DIFFERENCE PROOFS

lee followmg examples lIIusfrafe some bas:c prooﬁ: you can do Wlﬂl ﬂle sunz & d ﬂ’erence
idenfities:

Example 1: Prove that cos(%- X) = sinx

We start with the formula: cos(A—B) = cos Acos B +sin Asin B

PluginA:%&B:x

cos(%— X) = cos Acos B +sin Asin B

T . T
= COSECOSX-i-SII’]—SIn X

=(0)cos x+(1)sin x
=sin x

Example 2: Prove that csc(rz +X)=-cscx

csc(z + X)

3 1

~sin(z +X)
1

sin 7z COS X + COS 77 Sin X
1

(0)cos x+(—1)sin x
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TRIGONOMETRY LESSON 12
PART IV  SUM £ DIFFERENCE PROOFS

;5 Prove eacll of ﬂze followmg

:E_ 1) COS(%—X)z—Sinx 5) sin(%—x):

¥ 2) sin(270° - x) = —cos x

_; 3) COS(%+ X) =—sin x 7) sec(z+x)

Ez_ 4)cos(z—x) = 8) csc(7-x)
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PART IV SUM £ DIFFERENCE PROOFS

sin(270° - x) _ COS(E +X)
37 37 . =sin 270 cos X — cos 270" sin x T T
= cos7cosx+s|n7s|n X — (~1) cos x— (0) sin x = COSECOSX—SIHESIH X

:(O)cosx+(—1)sinx =—C0S X = (0)cosx— (1) sin x
=—Sin x

4, cos(z—X) . sin(%—x) 6. csc(%+x)
=CO0S 7 COS X +Sinzsin x e T 1
— (~1)cos x + (0) sin x =sm5cosx—cosgsmx -

. T
SIN(—+X
C+x)

=(1)cos x—(0)sin x
=CO0S X 1

. T VA
SIN—CO0S X+ COS—SIN X

1
- (1) cos x+ (0)sin x
1
. sec(z+Xx) 8. csc(zr—x) = cosx
__ 1 1 =Sec X
cos(z + x) sin(z —Xx)
_ 1 B 1
© €OS 7 COS X —Sin sin X ~ sin 77.c0S X — COS 775iNn X
_ 1 B 1
- (-2) cos x—(0)sin x - (0)cos x—(-1)sin x
1
“sinx
=CSCX
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TRIGONOMETRY LESSON I2
paRy ¥ YRIANCLE OUESTIONS

Itz sonze quesfloqs, you WIII be glvetz lncomplefe lnformahon, alld nzusf use frlalzgles fo f iny
all the frig ratios required by the sum & difference formulas.

Example 1: Given tan x = —% (In quadrant II) and

tany =% (In quadrant III), find the exact value of sec(x +y)

Draw a triangle corresponding to Draw a triangle corresponding to
tan x = -% and find the unknown side. tany= and find the unknown side.

a?+b? =c? a?+b? =c?
(—12)2 + (5)2 =c? (—5)2 + (—3)2 =c?
169 =c? 34=c?

c=13 C=\/§

Now find sin x & cos X. Now find siny & cosy

. -3
siny =——

Nen

COS Yy = —

5
N

1 1

)= ot y) T 15

— + —
1 1334 13,34

~ COSXCOSY —sinxsiny :7_15

_ ) 133
FIEHEE e
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TRIGONOMETRY LESSON I2
paARY ¥ YRIANCLE OUESTIONS

sinx = —% (Quadrant 111)

s 1)

tany =% (Quadrant 1)

_ cosx:% (Quadrant V)
x 2) Find csc(x+y) ||

cscy = —g (Quadrant 1)

SecXx = g (Quadrant I)

3) Find sin(x—y) ||

coty= —% (Quadrant I1)
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TRIGONOMETRY LESSON I2
paARY ¥ YRIANCLE OUESTIONS

tanx = _76 (Quadrant 1V)

::_ 4) || Find sec(x+y)

siny = —% (Quadrant IV)

cotx=-5 (cosx<0)

tany:% (siny>0)

. secx:—§ (sinx>0)
3 7 )

3 6) Find sec(x—y)
' tany=-3 (siny<0)
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TRIGONOMETRY LESSON I2
paRy ¥ TRIANCLE OQUESTIONS

Now find the sine & cosine trig ratios for each triangle:

3
COSX =——
2

Use these to evaluate cos(x — )
cos(x—y)
=CO0S XCOS Y +Ssinxsiny

FEEIE)

2) First draw out each triangle, then use Pythagoras to find the unknown side:

Now state the sine cosine trig ratios for each triangle:

12
COSX="—
13

Use these to evaluate ¢csc(X + Y)

csc(x+y)

_ 1 e +(;24)
" sin xcos y+cos xsiny 65 65

B 1 _ 1
(BEErEE  E
65

T 5y21-24
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TRIGONOMETRY LESSON I2
paRy ¥ TRIANCLE OQUESTIONS

Now find the sine & cosine trig ratios for each triangle:

2./6

sinx=——
7

5
COSX=—
7

Use these to evaluate sin(x - y)
sin(x—y)
=sin X cos y —cos xsin y

(-6

4) First draw out each triangle, and use Pythagoras to find the unknown side:

Now find the sine & cosine trig ratios for each triangle:
sinx=—o
85
7
COSX =——

NCH
Use these to evaluate SeC(X + Y)
sec(x+Y)
3 1

COSXCOSYy—sinxsiny
1 S
TOEHEE 2
J8s )| 5 NN
1

NE2ANE
s (5%)
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TRIGONOMETRY LESSON I2
paARY ¥ YRIANCLE OUESTIONS

tany > 0 inquadrants | & I11
siny > 0 inquadrants | & Il
Overlap in |

cot x < 0 inquadrants Il & IV
cos X < 0 inquadrants Il & I11
Overlap in 11

Now find the sine & cosine trig ratios for each triangle:

sinx = %
CosX =2
26
Use these to evaluate csc(x - y) = . r
Eate
1 526 ) \5v26
_sinxcosy—cosxsiny 1
T 19

1

FED

19

6) First draw out each triangle, and use Pythagoras to find the unknown side:

tany < 0 inquadrants Il & IV
siny < 0 inquadrants Il & IV
Overlap in IV

sec x < 0 inquadrants Il & 111
sin x > 0 in quadrants | & |1
Overlap in 11

Now find the sine & cosine trig ratios for each triangle:

V15

sinx=——
8

7
COSX=—
8

Use these to evaluate sec(x — y)
sec(x—Y)
~ 1
" COSXCOS y +sin xsiny
1

s )

1

e
8/10) | 810
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TRIGONOMETRY LESSON 12
PART ¥I  DOUDLE ANCLE IDENTITIES

cosZA = c0s°A - sin‘A

C0S2A = 2c0s°A - 1

c0S2A = 1 - 2sin*A
Example 1: Expand sin 60° using sin2A = 2SinAcosA :

sin2A=2sin Acos A
sin60° = 2sin 30° cos 30°

What goes here is
always half of the
angle on the left side.

Example 2: Expand cos 90° using cos2A =2cos’A-1

cos2A=2cos* A—1
c0s90° = 2c0s?45° —1

Example 3: Expand cos 2?” using cos2A =cos’A-sin’A

cos2A =cos? A—sin? A

27 o T ) 7T
COS— = CO0S —sin“ —
3 3

Example 4: Expand cos 8x using cos2A =1-2sin’A

cos2A=1-2sin’* A
cos8x =1—2sin’ 4x
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TRIGONOMETRY LESSON 12
PART VI DOUDLE ANCLE IDENTITIES

In ﬂze followmg examples, you musf work baclgwards fo condetlse ﬂle Idellflfy

Example 5: Condense: 1-2sin’150°

cos2A=1-2sin’* A
c0s300° =1—2sin?150°

f

What goes on the left
side is double the
angle on the right.

Example 6: Condense: 2sin3xcos3Xx

sin2A=2sin Acos A
sin 6Xx = 2sin 3x cos 3x

Example 7: Condense: cos’z-sin’z

cos2A =cos? A—sin® A
cos 2z =cos’ r—sin’x

Questions:

1) Expand sin180° using sin 2A = 2sin Acos A

2) Expand cos% using cos2A=1-2sin* A
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TRIGONOMETRY LESSON 12
PART ¥I  DOUDLE ANCLE IDENTITIES

5) Condense: 200522?7[—1

6) Condense: 0052%—

7) Condense: cos? % X —sin’ % X
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PART VI DOUDLE ANCLE IDENTITIES

1) 5|n180
sin2A = 2sin Acos A

sin180° = 2sin90° cos90°

T

2) cos—

) 3
cos2A=1-2sin’* A

cosZ=1-2sin2 %
3 6

3) cosl16x
cos2A=cos? A—sin? A
cos16x = cos® 8x —sin? 8x

T

4) cos—

) 2
cos2A=2cos* A—1

cosZ=2cos? -1
2 4

5) ZCOSZ%Z—l

cos2A=2cos* A-1

cos4— =2c0s? 2—7[—1
3 3

6) cos’ Z—sin’Z
6 6
cos2A =cos? A—sin? A
Vs o T o T
cos= = cos® = —sin’ =
3 6 6
7) cos? = x—sin? = x
2 2
cos2A =cos? A—sin? A

,1 0,1
COS X =CO0S Ex—sm —X
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TRIGONOMETRY LESSON 12
PART VIl DOUBLE ANCLE DROOFS

In ﬂze follow”zg examples, ﬂze double angle Idellflfles w:II be used in complefmg proofs

Example 1: Prove sin 2x + cos X = cOs X(2sin x + 1)

Sin 2x + cos X
= 25sin X COS X + COS X
=cosX(2sinx+1)

Example 2: Prove: cos2x =cos’x-sin’x Hint: Write cos 2x as cos (X + x)

COS(X + X) = COS X COS X —Sin Xsin X
cos(X + X) = cos® X —sin® x

Questions:

1) cos2x+cosx = (2cosx—1)(cosx+1) 2) 2cos2x—sinx+1=—(4sin x—3)(sin x+1)

3) cos2x=2cos’ x-1 4) cos2x=1-2sin’x
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TRIGONOMETRY LESSON 12
PART Vil DOUBLE ANCLE PROOFS

- 7)) sin2x=2sinxcosx 8) cos2x—1+2sinx = 2sin x(1—sin x)

_ 9) (sinx+cosx)? =1+sin 2x 10) sin(x-y)sin(x+ y) =cos® y —cos” x
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TRIGONOMETRY LESSON 12
PART VIl DOUBLE ANCLE DROOFS

1) cos 2x + COS X

=2¢c0s? X —14Cos X 1+coS2X

=2c0s? X +C0S X —1 _ 2

=(2COSX—1)(cosx+1) 1+(22005 x—1)

) " 2c08?
2) 2cos2x—sinx+1 1

:2(1—28"]2 X) —sin x+1 " Cos? X
0 . 2
=2-4sin’ x—sin x+1 =Sec x
- 2 -
=-4sin“ Xx-sin Xx+3 Sin 2 = sin(x + X)
= —(4sin2 X +5in X —3) Sin(X+X) =sin xcos X + oS Xsin x
. . =2sin xcos x
=—(4sin x—=3)(sin x+1)

3) cos2x =Ccos(X+ X) 8) Cos2x—L+2sinx
COS(X + X) = COS X COS X —Sin Xsin X = (1-2sin* x) -1+ 2sin x
=-2sin® x+2sin x
=2sinx(-sin x+1)
=2sinx(1l-sinx)

C0S 2X = €c0S° X —sin® X
C0S 2X = €0s* X — (1— cos® )
C0S2X = oS> X —1+ c0s> X

—_— 2 —
cos2x =2cos” x—-1 (sin X + cos x)?

-, =sin? X+ 2sin XC0S X + €0S* X
4) cos2x =1-2sin” x

. . =sin? X +€0s? X + 25iNn XCOS X
COS(X + X) = COS X COS X —SIN XSin X

=1+ 2sin Xcos X
COS2X = C0S° X —Sin? X

c0s 2x = (1—sin® x) —sin® x

cos2x =1-sin® x—sin® x 10)

C0S2Xx =1-2sin® X sin(x— y)sin(x + y) = cos? y — cos? x
=[sin xcos y —cos xsin y][sin xcos y + cos xsin y]

5) M =(sinxcos y)z +5iN X COS Y COS XSin y —COos Xsin ysin xcos y — (cos xsin y)®

sin 2x
1+ (2cos’ x-1)
2sin xcos X

2c0s” X . . .
= =sin’ xcos’ y —1+cos’ y +sin’ x—sin’ xcos’ y
2sIn X cos X

=w =cos® y—(1-sin’ x)

=sin® xcos® y —cos” xsin’ y

=sin® xcos® y — (1—sin® x)(1—cos® y)
=sin® xcos® y —[1—cos® y —sin® x +sin® xcos’ y]

=cos’ y+sin®x—1

=cos’ y —cos® X
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